Electron capture on nucleons and nuclei, is one of the most important weak interaction processes in the dynamics and evolution of massive stars. Especially on nuclei of the F e mass region the role of e − -capture is crucial in the phase of stellar core collapse. Furthermore, a realistic treatment of electron capture on heavy nuclei provides significant information in the hydrodynamics of core collapse and bounce. In this work, we exploit the advantages of a recently published numerical approach to perform nuclear structure calculations of the electron capture in F e group nuclear isotopes. As a first concrete example, which is simultaneously offering a good test of our method, we choose the reaction 56 F e(e − , ν e ) 56 M n * that plays a decisive role in core collapse supernovae. We also improve the previous formalism by constructing compact analytical expressions for the required reduced matrix elements of all basic multipole operators in isospin representation. Such a compact formalism offers the advantage of performing state-by-state calculations of the transition rates for semileptonic nuclear processes through advantageous computer codes written in isospin representation.
Introduction
In the unified description of semi-leptonic electro-weak processes in nuclei developed by Walecka and Donnelly [1] [2] [3] ), the calculation of the transition rates relies on a multipole decomposition of the hadronic current-density matrix elements leading to a set of eight independent irreducible tensor operators. These operators contain spherical Bessel functions, j l , combined with spherical harmonics, Y L M , or vector spherical harmonics, Y 
where
The parameters q µ = (q 0 , q), q = |q| are determined from the kinematics of the process in question. The standard multipole expansion of the polarvector (hadronic) current (J λ ) density matrix elements leads to the operators: Coulomb (M coul JM ), longitudinal (L JM ), transverse electric (T el JM ) and transverse magnetic (T mag JM ) [1] . Correspondingly, the axial-vector current component, J 5 λ , leads to the operators M Coul5 JM , L 5 JM ,T el5 JM and T mag5 JM . In the context of the conserved vector current (CVC) theory assumed by many authors, the longitudinal component is linearly dependent on the Coulomb one, L JM (q) = (q 0 /q)M Coul JM (q), and then the number of independent operators emerging out of the decomposition procedure is reduced to seven [1] [2] [3] . Then, the matrix elements of these seven basic operators involve momentum dependent form factors, F X (q 2 µ ) where X=1, 2, A, P,and in the Walecka-Donnelly method [1] seven new operators are defined.
In Ref. [3] we suppressed isospin labels from the multipole operators and we concentrated on the proton-neutron representation applied in the QRPA method.
(in addition to the unified notation T JM i , we keep also the common notation [1, 3] ).
In the present work, we first construct explicit analytic expressions for the reduced matrix elements of the basic tensor operators by using harmonic oscillator wave functions [4] in the isospin representation.
These expressions allow the systematic calculation of all basic multipole matrix elements by separating out the geometrical coefficients from the kinematical parameters (energy, momentum, scattering angle) of the studied reaction.
One of the main goals of this effort is to construct an advantageous code for calculating electron-capture cross sections in various currently interesting nuclear isotopes on the basis of the present formalism and within the context of the quasi-particle random phase approximation (QRPA) [3] 
Tensor Multipole operators
Most physical observables in semi-leptonic electro-weak processes in nuclei, are reliably expressed in terms of reduced matrix elements of the above basic one-body operators between two single particle orbits |n(l1/2)j⟩ ≡ |j⟩, i.e. matrix elements of the form
Due to the fundamental importance of such reduced nuclear matrix elements in Ref. [3] we constructed compact analytic expressions for their evaluation.
The above eight types of irreducible tensor multipole operators [Eqs. (14)-(21)] are acting on the nuclear Hilbert space and have rank J. The components of the polar vector (ρ(r),Ĵ(r)) and axial vector (ρ(r) 5 ,Ĵ(r) 5 ) currents are defined e.g. in Ref. [2] .
The multipole operators are written in terms of the seven basic operators, T JM i (qr), i = 1, 2, ..., 7 (the exact expressions are given in the Appendix of Ref. [5] ) For the definition of the form factors F (q 2 µ ) (assuming CVC theory) see Ref. [3] Using Eqs. (??), (??) and (??), one can straightforwardly deduce a general closed analytic formula for the reduced matrix elements ⟨j 1 ||T J i ||j 2 ⟩ of the seven basic operators Eqs. (4)-(2.1) as
In the summation of Eq. (12) the upper index n max represent the maximum h.o. quanta included in the model space chosen.
Formalism in Isospin representation
In the isospin representation the eight basic multipole operators are written as follows. The four components of the polar vector current arê
The four components of the axial vector current arê
Nuclear level multipole operators
At nuclear level the multipole operators which contain the nucleon form factors F X (q 2 µ ) are given by the expressionŝ
where A is the mass number of the studied nucleus and nabla operators are acting to the right and left respectively. The isospin dependence of the oper- 
The exact form of I M T T , i.e. the values of the quantum numbers of T and M T , is determined from the specific reaction studied (charged or neutral current type reaction).
e − -Capture in stellar evolution

Electron Capture in 56 Fe
In the present work we perform detailed calculations of the electron capture process in the iron group nuclei. As a first concrete example we study the reaction
The required nuclear matrix elements are calculated in the context of the quasi-particle RPA. In Tables 1 and 2 we list the values of the model parameters through which we construct the wave functions for the initial (ground) and final |J π ⟩ states. Table 2 . Strength parameters for the particle-particle (g pp ) and particle-hole (g ph ) interaction for various multipolarities and the corresponding low-lying energies of the 56 F e spectrum.
A detailed description for the adjustment of the QRPA pamameters g p,n pair , g p,n ph andg p,n pp is done in Ref. [4, 5] .
QRPA matrix elements calculations
This is an extension of the numerical approach, which, by using harmonic oscillator basis in the proton-neutron representation, analytical expressions for all basic multipole RME have been obtained. They are expressed in terms of elementary functions, i.e. products of an exponential times a simple polynomial with constant coefficients.
The model space chosen in our QRPA includes the harmonic oscillator levels 0d 5/2 , 1s 1/2 , 0d 3/2 , 0f 7/2 , 1p 1/2 ,1p 3/2 , 0f 5/2 , 0g 9/2 , 1d 5/2 , 0g 7/2 , 1d 3/2 , 2s 1/2 , 0h 9/2 , 0h 11/2 . Our method has been checked in the reproducibility of the lowlying (up to about 5 MeV) spectrum of the 56 Fe isotope by using: (i) at the BCS level the pairing parameters for proton-pairs, g p pair and neutron-pairs, g n pair [4] , and (ii) at the QRPA level the fitting parameters for the strength of the residual interaction, i.e. the g ph , for the particle-hole, and the g pp , for the particle-particle channel, respectively [4, 3] .
The reliability of the present calculations, could be acquired by the comparison of our electron capture cross sections with those evaluated in other processes, e.g the charged current neutrino nucleus reaction, 56 F e(ν e , e − ) 56 Co which is the particle conjugate process reaction of the electron capture.
Summary
During the presupernova and collapse phase, electron captures on nuclei, and in the late stage also on free protons, plays an important role, as does nuclear β-decay during silicon burning. Electron captures are made possible by the increasing density in the star's center, accompanied by an increase of the chemical potential (Fermi energy) of the degenerate electron gas. Electron captures reduce the electron-to-baryon ratio Y e of the matter composition which has important consequences for the subsequent evolution.
In this work, we are going to use a numerical approach constructed recently based on analytical expressions for all basic multipole reduced matrix elements, to perform systematic studies electron capture on nuclear isotopes in the mass range of F e. The nuclear wave functions would be obtained by using the quasi-particle RPA.
